
 
    Complete Measurement with a Promise

    

   Abstract:
    
   

   Hadamard-Toffoli-Hadamard Circuits

   Single Qubit Measurement with Post-Processing [vdN10]

Simulating Hadamard-Toffoli-Hadamard
Circuits with a Promise

Martin Schwarz
Faculty of Physics, University of Vienna, Boltzmangasse 5, A-1090 Austria,

 

Learning Theory of Boolean Functions

We present a classical simulation algorithm that, based on a spe-
cific promise, is capable to approximate the output state vector of a 
Hadamard-Toffoli-Hadamard quantum circuit or to sample from 
the output probability distribution, if all qubits are measured in the 
computational basis. The promise we need to assume is the sparse-
ness of the output probability distribution: we are given the prom-
ise, that out of the exponentially many potential measurement results, 
only polynomially many have non-zero (significant) probability ampli-
tudes. Our algorithm is based on the learning theory of Boolean 
functions and uses the well-known methods of [GL89, KM91] to 
sample significant Fourier coefficients given the above promise. The 
result sketched above is straightforward to generalize to qudit 
circuits with Fourier transformations over general finite Abelian 
groups using recent results of [AGS03, Akavia08]. 

H HPermutation

Many known quantum algorithms (e.g. Deutsch-Jozsa, Bernstein-
Vazirani, Simon, Shepard’s variant of Shor, deBeaudrap-Cleve-
Watrous) exhibt a specific circuit structure consisting of layers of 
Hadamard-Toffoli-Hadamard (HTH) gates. Without this structure, 
Toffoli and Hadamard gates form a gate set universal for quantum 
computing. While two-layer Hadamard-Toffoli circuits are classically 
simulable, the final Hadamard layer seems to add the power nec-
essary to solve problems not known to be tractable classically and 
thus motivates our investigation.

A key result in this area by Goldreich-Levin (1989) and Kushilevitz-
Mansour (1991) states, that the coefficients of the Fourier trans-
form of a Boolean function can be efficiently approximated, if at 
most logarithmically many of them are guaranteed to have non-
negligible weight. This result has recently been extended by 
Akavia-Goldwasser-Safra (2003) from the FT over      to  FTs over 
general finite Abelian groups.

The FT of Boolean function                        is defined as

for every m-bit string u. By convention the FT of    sl        is computed.

A general form of the result we will be using is stated as follows:

Theorem: Let QC be a uniformly generated family of polynomially sized 
quantum circuits on n qubits structured in three layers consisting exclusively of 
Hadamard, Toffoli, and Hadamard gates each, and given the promise that QC 
run on some computational basis input state $$ results in an output state $$ 
such that only t = O(poly(n)) of the 2  probability amplitudes are significant. 
Then there exists a randomized algorithm approximating the set of t significant 
probability amplitudes to precision O(ε) with error probability 1-δ in time 
polynomial in n, t, 1-ε and log 1/δ.

Proof (sketch): The probability amplitude of some computational basis 
state | u| after the HTH circuit has been applied can be expressed as:

But this is just the FT of 

The result follows from Kushilevitz-Mansour to efficiently approximate 
the significant Fourier coefficients of fx      with high probability.

The result extends naturally to k alternations of Hadamards and Toffolis, 
given the sparseness promise holds after every even Hadamard layer, 
and to qudit circuits using the results of [AGS03].

   

Independent of our work, van den Nest [vdN10] has analyzed a simi-
lar class of HTH circuits but with a restriction to a single-qubit meas-
urement in the computational basis rather than a complete measure-
ment. Van den Nest has employed the same tools of learning theory 
as we did but has achieved a result incomparable to ours. In his 
analysis the classical post-processing function g of measurement 
results is included in the analysis of the coherent algorithm and plays a 
crucial role: The entries of the operator Wg are determined by the Fou-
rier transform g and it is exactly the values of this function (and thus the 
matrix elements of Wg) for which a sparseness promise is required. 
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